In this paper we extend the Lighthill-Whitham-Richards kinematic wave traffic flow model to describe traffic with different types of vehicles, where all types of vehicles are completely mixed and travel at the same group velocity. A study of such a model with two vehicle classes (e.g., passenger cars and trucks) shows that, when both classes of traffic have identical free-flow speeds, the model 1) satisfies first-in-first-out rule, 2) is anisotropic, and 3) has the usual shock and expansion waves, and a family of contact waves. Different compositions of vehicle classes in this model propagate along contact waves. Such models can be used to study traffic evolution on long crowded highways where low performance vehicles entrap high performance ones.
BACKGROUND
Vehicular traffic on highways often comprises different types of vehicles with varying driving performances. This heterogeneity affects traffic flow characteristics in significant ways, a fact that has long been recognized by the transportation engineering profession. For example, in the computation of flow capacity on a highway or at a signalized intersection, the Highway Capacity Manual recommends a series of adjustments to take account of the capacity reduction caused by heavy vehicles (i.e., trucks/buses/recreational vehicles). If one is interested in the effects of heavy vehicles on traffic flow over space and time, however, the Highway Capacity Manual procedures are not adequate. For this one needs a dynamic model for mixed traffic.
Mixed traffic can be modeled at three different levels-microscopic, mesoscopic and macroscopic. It is perhaps most straightforward to model mixed traffic on a microscopic level-one simply endow, at one extreme, each individual vehicle with different performance and behavior characteristics. Many commercially available simulation packages, such as CORSIM, PARAMICS, and VISSIM allow the specification of multiple vehicle classes. Major challenges arise when one models mixed traffic on a mesoscopic level, mainly due to the correlation between various probability distributions of vehicular speeds. Nevertheless, a number of mesoscopic models of mixed traffic have been developed in recent years (1, 2) . Aggregation of mesoscopic models of mixed traffic through expectation operations lead to multi-class traffic flow models in the macroscopic level. There is, however, another approach to develop macroscopic mixed traffic flow models. This is the approach of continuum modeling. It is this approach that we shall adopt in developing a traffic flow model for mixed traffic.
In the continuum description of traffic flow, vehicular traffic is described as a special kind of fluid that are characterized by its concentration (density, ρ), mean velocity (v), and vehicle flux (flow rate q), all are functions of space (x) and time (t). The starting point of any continuum model of traffic flow is the conservation of vehicles (1) and the relation between flow, density, and mean velocity q = kv.
Equation 1 is an integral form of traffic conservation. When the road segment [x 1, ,x 2 ] shrinks to a point in space, one obtains the familiar differential form of traffic conservation:
If one introduces a relation between vehicle concentration and traffic speed v = V (ρ), one obtains the classic kinematic wave model developed by Lighthill, Whitham (3) and Richards (4):
The classic kinematic wave model of Lighthill and Whitham was formulated for homogeneous flows on a long crowded road. It does not consider the effects of performance differences among different types of vehicles. Recently, Daganzo extended the theory to treat a freeway system with two types of lanes, special lanes and regular lanes, and two types of vehicles, priority vehicles and regular vehicles (5, 6, 7) . Priority vehicles are allowed to travel on either regular lanes or special lanes, whereas regular vehicles can only travel on the regular lane. The two types of vehicles in Daganzo's special lane model have different vehicle performances in free-flow traffic, but are indistinguishable in heavy traffic, where both types of vehicles travel at the same speed.
In this paper, we extend the kinematic wave model to vehicular traffic with a mixture of vehicle types. In the mixed flow each vehicle type is conserved and travels at the group velocity, but the differences among vehicle types are accounted for in determining the states of the collective flow. This model can be used to study traffic evolution on long crowded highways where low performance vehicles entrap high performance ones. It can also give a more accurate description of the I-pipe state in Daganzo's special lane model.
The remaining parts of the paper are organized as follows. In Section 2 we give the extended KW model and its basic properties. In Section 3 we analyze the Riemann problem for this model. In Section 4 we propose a fundamental diagram of mixed traffic and discuss its properties. In Section 5 we provide numerical examples and in Section 6 we conclude the paper.
THE EXTENDED KW MODEL FOR MIXED TRAFFIC
Let us assume that there are i = 1, …, n types of vehicles in the traffic stream (n≥2), each type has concentration ρ i (x; t) and velocity v i (x; t). By conservation of each vehicle type, we have
As in the development of the classic KW model, we postulate that equilibrium relations exist between vehicular speeds and traffic densities: 
(7) to approximately model the average behavior of light traffic.
When traffic concentration reaches a critical value ρ c , passing opportunities diminish and vehicles of lower performance (e.g. trucks) start to entrap vehicles of higher performance (e.g., passenger cars). Under such conditions it is assumed that the various classes of vehicles are completely mixed and move at the group velocity V. That is, mixed traffic flow in this regime is described by 
Here γ 1 and γ 1 are parameters that determine the critical density in (ρ 1 ,ρ 2 ) coordinates. V * is a two-dimensional speed-density relation for congested traffic. It is understood that
is a system of conservation laws with characteristic velocities:
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Here we used a special notation for partial derivatives of V with respect to ρ 1 and ρ 2 :
Owing to the nature of V(ρ 1 ,ρ 2 ), we have λ 1 ≤λ 2 = V , that is, both characteristics travel no faster than average traffic. In fact, the second characteristic travels at precisely the speed of traffic. When the free-flow speeds of both types of vehicles are identical, the extended KW model preserves the anisotropic property of the KW model. Otherwise, the extended model is not anisotropic in light traffic (the nature of this violation of anisotropy is explained in detail in (8) 
They are used here to obtain the expansion wave solutions of a Riemann problem (see next section. For more details on Riemann problems and Riemann invariants, refer to (9)). It can be shown that the first characteristic field is nonlinear and the second characteristic field is linearly degenerate. We therefore have both shock and smooth expansion waves in the first field and contact waves (or slips) in the second field. We shall derive the expressions for these waves related to Riemann data in the next section.
RIEMANN PROBLEM AND BASIC WAVE SOLUTIONS
In this section we discuss the solutions of the extended KW model given by Equation 9 with the following so-called Riemann data:
To solve the above Riemann invariants, we first study the right (downstream) states that can be connected to the left (upstream) states by an elementary wave, i.e., a smooth expansion (rarefaction) wave, a contact, or a shock (readers are referred to (10) and (11, 12, 13, 14) for a more detailed discussion of Riemann problems related to systems of conservation laws in general and traffic flow in particular). Throughout the remaining sections, we assume that 
This means that in the ρ -plane the two states are on a ray from the origin. Clearly across an expansion wave traffic composition does not change, that is, vehicles observe the first-in-first-out rule. The contact waves: A contact wave is a slip that separates two traffic regions of different traffic densities and vehicle compositions but the same travel speed. That is,
In the ρ -plane, all states on a level curve of ) (ρ V are connected by a contact wave. The shock waves: The shock waves in the extended KW model are given by the jump condition: , which is connected with the upstream state by a 1-wave (i.e., an expansion or shock wave) and with the downstream state by a contact (Figure 1) . Figure 2 shows a few examples of Riemann solutions.
FUNDAMENTAL DIAGRAMS FOR MIXED TRAFFIC
We propose the following V − ρ relation, which can be derived from a car-following model under steady-state conditions (15) , to be used in the mixed traffic flow model. Note that when p = 0, i.e., there are no type-2 vehicles in the traffic stream, we recover the critical density for type-1 vehicles 
NUMERICAL SOLUTION METHOD AND SIMULATIONS

The Godunov Method
We approximate the mixed traffic KW model with the Godunov method (16) In the above equations, the boundary average 
and from Equation 12
Combining Equations 
, waves initiated from this region travel backward in the same speed, which is
In another region, where
, waves initiated from this region travel forward at free-flow speed. Two waves separate the two regions: an expansion wave on the left and a shock wave on the right. The shock wave travels forward initially but eventually travels at Figure 5 , from which we can see that the level curves do not intersect. Remembering that the level curves of 1 2 / ρ ρ coincide with vehicle trajectories, the solutions shown here indicate that under the given conditions first-in-first-out rule is respected by the mixed flow model. From this figure we can also see the expansion and shock waves as they move through traffic, which are marked by changes in the slopes of the level curves.
CONCLUDING REMARKS
In this paper we extend the Lighthill-Whitham-Richards kinematic wave traffic flow model to describe traffic with different types of vehicles, where all types of vehicles are completely mixed and travel at the same group velocity. A study of such a model with two vehicle classes (e.g., passenger cars and trucks) shows that, when both classes of traffic have identical free-flow speeds, the model 1) satisfies first-in-first-out rule, 2) is anisotropic, and 3) has the usual shock and expansion waves, and a family of contact waves. Different compositions of vehicle classes in this model propagate along contact waves. Such models can be used to study traffic evolution on long crowded highways where low performance vehicles entrap high performance ones. 
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